This paper reports on a computational study of ultrasound propagation in heterogeneous metal microstructures. Random spatial fluctuations in elastic properties over a range of length scales relative to ultrasound wavelength can give rise to scatter-induced attenuation, backscatter noise, and phase front aberration. It is of interest to quantify the dependence of these phenomena on the microstructure parameters, for the purpose of quantifying deleterious consequences on flaw detectability, and for the purpose of material characterization. Valuable tools for estimation of microstructure parameters (e.g. grain size) through analysis of ultrasound backscatter have been developed based on approximate weak-scattering models. While useful, it is understood that these tools display inherent inaccuracy when multiple scattering phenomena significantly contribute to the measurement. It is the goal of this work to supplement weak scattering model predictions with corrections derived through application of an exact computational scattering model to explicitly prescribed microstructures. The scattering problem is formulated as a volume integral equation (VIE) displaying a convolutional Green-function-derived kernel. The VIE is solved iteratively employing FFT-based con-volution. Realizations of random microstructures are specified on the micron scale using statistical property descriptions (e.g. grain size and orientation distributions), which are then spatially filtered to provide rigorously equivalent scattering media on a length scale relevant to ultrasound propagation. Scattering responses from ensembles of media representations are averaged to obtain mean and variance of quantities such as attenuation and backscatter noise levels, as a function of microstructure descriptors. The computational approach will be summarized, and examples of application will be presented.
INTRODUCTION
When ultrasound propagates through a polycrystalline material scattering occurs at the grain boundaries due to an acoustic impedance mismatch resulting from the differing crystallographic orientations of bordering grains. This scattered energy is of interest partially due to the effects it can have on flaw detection, where this so-called "grain noise" can decrease signal-to-noise ratio or mask flaw signals completely. Additionally, the scattering from grains can lead to aberrations in the phase-front of the propagating wave, which is an undesired effect. If the energy scattered at grain boundaries is directly measured it can be used for characterization of the microstructure, as the backscattered energy is a function of the microstructure it scattered from [1] . When characterizing microstructure in this way, it is common to assume that the measured grain noise is a superposition of ultrasound scattered from single grains back to the transducer. This is known as a single scattering assumption. In reality, however, the ultrasound scattered back to the transducer may have scattered off of several grains; scattering of this type is referred to as multiple scattering. The amount of multiple scattering that occurs is affected by a variety of inspection and material parameters [2] , and can lead to mis-characterization of the microstructure when using single scattering characterization algorithms if the amount of multiple scattering is non-negligible. It is therefore of interest to study when multiple scattering effects are prominent in order to determine the range of validity for single scattering algorithms, and to investigate possibilities for developing a multiple scattering correction factor for use with single scattering algorithms to extend their range of validity.
This paper will demonstrate recent advances in a three-dimensional implementation of a computational ultrasound scattering algorithm. This algorithm allows for the prediction of backscattered grain noise responses by solving for the displacement field in an explicitly defined heterogeneous medium. This algorithm has been used to study twodimensional scalar problems [3] , two-dimensional elastic problems [4] , and most recently three-dimensional elastic problems [5] . The three-dimensional work considered only single realizations of microstructure, which is inconsistent with the approach typically taken in the laboratory where hundreds of realizations are sampled by scanning the transducer over the sample [1] . This paper will build upon the three-dimensional work [5] and show results for simulations with varying inspection parameters with a focus on the multiple scattering contribution to the predicted grain noise. 
MODELING APPROACH
The scattering problem is formulated as a volume integral equation (VIE) displaying a convolutional Greenfunction-derived kernel. The VIE is solved iteratively employing FFT-based convolution. Realizations of random microstructures are specified on the micron scale using statistical property descriptions (e.g. grain size and orientation distributions), which are then spatially filtered to provide rigorously equivalent scattering media on a length scale relevant to ultrasound propagation. This is done by first defining a volume and filling it with rectangular voxels. A grain center was placed in each voxel at a random position as shown in the left panel of Fig. 2 . Each grain center has the elastic properties of the material and a random crystallographic orientation. Each voxel contains grid points evenly spaced apart from each other, and each of these points is then assigned the same properties and rotation as the nearest grain center, which gives the grain structure shown in the middle panel of 
The volume integral equation to be solved is [4]
where
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is the deviation of the elastic constants from the homogeneous mean, u(x) is the total displacement field, u G (x − x ) is the Green function, and u in (x) is the incident field. This VIE is solved via conjugate gradient minimization to obtain the total displacement field. This total field is then used in Auld's reciprocity theorem [6] , given by
where T (ω) is the transduction coefficient, to get the voltage response V(ω). Voltage responses can be made in the Born approximation by assuming that the total field is equal to the incident field. An example of grain noise waveforms computed with multiple scattering and without (Born approximation) is shown in Fig. 3a . Viewing the responses as an accumulation over time, computed as
more clearly shows the difference between the single and multiple scattering responses, as shown in Fig. 3b .
In experimental data collection, many responses are measured by collecting data over multiple spatial positions during a transducer scan. This can be recreated in simulations by using different realizations of microstructure that have the same macroscopic properties. Variation between different realizations can be seen in Fig. 3c ., where accumulated responses are shown for 30 realizations each of three different mean grain sizes for nickel. The responses from multiple realizations can be processed in the same way as experimental data to give noise metrics such as RMS response which are commonly used in analysis of experimental backscatter data. Figure 4 shows the RMS noise response of 30 realizations each of 15 µm, 30 µm, and 60 µm grains of a nickel alloy (the same data used in Fig. 3c.) . The RMS noise is computed as
The solid lines in Fig. 4 are the computed RMS noise curves, and the dashed lines are the RMS noise curves after applying a smoothing filter. Smoothing is used to help show the behavior of the curves, and is necessary due to low number of realizations compared to experiment; 30 simulated realizations were used, where hundreds of data points are used typically in experiments. The large number of waveforms captured in experimental data leads to smoother RMS curves due to increased averaging occurring in the RMS computation. The multiple scattering contribution (higher order scattering not included in the single scattering result) will be computed as the difference of the RMS total scattering to the RMS single scattering at a chosen analysis time. 
MULTIPLE SCATTERING CONTRIBUTION: PARAMETRIC STUDY
The definition of the multiple scattering contribution allows us to study what parameters lead to more multiple scattering occurring. This section will discuss a parametric study of inspection and material variables and how they affect the amount of multiple scattering present in backscattered grain noise signals. The parameters to be studied are • Mean grain diameter • Width of beam in focal zone • Depth into material at which beam is focused Each parameter will be varied and the multiple scattering contribution will be determined as discussed previously. This will be used to see if there is any correlation between the parameter and the multiple scattering contribution. A nickel alloy was chosen as the material for all simulations and the relevant material properties are shown in Table 1 . All simulations consider a 3x3x6 mm volume of grains, where the long direction is also the wave propagation direction. For all simulations a beam from a focused ultrasonic transducer will be used as the incident field. This was computed using a Gaussian beam model. The Gaussian beam is defined using a single parameter, the f-number (stylized as f/9 for a f-number equal to 9), which is defined as
A conceptual example of the beam and a realization of grains is shown in Fig. 5 . 
Mean Grain Diameter
The first parameter studied is the mean grain diameter. For this section, simulations were ran with varying mean grain diameters using a 10 MHz f/9 focused beam with 100% -6dB bandwith, focused 3mm into the material. Simulations for 45 realizations were computed for each grain size. The smoothed RMS grain noise curves for the different grain sizes are shown in Fig. 6L . The solid lines indicate the total scattering response, and the dashed lines indicate the responses computed using the single-scattering Born approximation. The focal spot of the incident beam is located at around t = 1.2 µs. For each grain size, the amount of multiple scattering present at this point in time can be computed as the difference between the total and single scattering curves at that time point. Doing this gives the result shown in Fig. 6R . It can be seen that there is a general trend for the amount of multiple scattering to increase with grain size, except for the 70 µm grain size. A possible explanation for this anomalous data point is that there simply are not enough realizations being considered here. If the analysis in Fig. 6R is redone using 30 realizations rather than the 45 shown here, the upward trend becomes less clear. Therefore, the addition of more realizations may lead to the trend being more consistent for all grain sizes. 
Beam Width and Focal Length
Past experimental studies [2, 7] have shown that the effects of multiple scattering are dependent upon the focal properties of the transducer used. Notably, these results showed that, when all other inspection parameters are unchanged, multiple scattering effects are more pronounced when a planar transducer is used rather than a focused transducer. Additionally, more multiple scattering is seen as the depth of focus is increased. We seek to see these relationships in simulated results as well.
To study the effects of beam width on multiple scattering, a series of simulations were ran with the f-number of the transducer as the only parameter changing. These simulations again considered 3x3x6 mm volumes of nickelalloy grains with a transducer center frequency of 10 MHz, with 100% -6dB bandwidth and a 3 mm focal depth. The f-number of the transducer was varied between 9 and 12, corresponding to a pair of mildly focused beams. Varying the f-number has the effect of changing the width of the beam at the focal spot. This means that there are more grains present inside the beam, and one would intuitively think that this would lead to more scattering overall. It would follow that the larger number of grains in the beam would lead to more opportunities for multiple scattering as well. Figure 7 shows the total scattering RMS noise curve results for the two f-number transducers for three different grain sizes as well as the computed amounts of multiple scattering at the focal depth. Thirty microstructure realizations were used to make each RMS response. Figure 7 shows again the general trend of multiple scattering increasing with grain size seen previously. It can also be seen that this trend has a higher slope for the f/12 beam compared to the f/9 beam, and it is also noteworthy that the f/12 multiple scattering results are consistently larger than the f/9 results. These results agree qualitatively with the previous study done by Margetan [2] . This previous experimental study also found that the amount of apparent multiple scattering in the focal zone increased as the focal zone was moved deeper into the material. To study this phenomenon, 3x3x6 mm simulations were ran with the f/9 beam used previously focused first at 1 mm into the material, and then at 5 mm into the material. Thirty microstructure realizations were used for each focal depth, giving the RMS backscatter results shown in Fig. 8 . It can be seen from inspection that the amount of multiple scattering decreases slightly when the focus is moved deeper into the sample for this case. This is in contrast with the previous results of Margetan, but there are two possible explanations for why the simulated results show this disagreement. First, it is entirely possible that the 4 mm change in focal depth is not large enough for this phenomenon to occur, as the work of Margetan changed focal depths by tens of millimeters. Second, the single scattering results of these simulations do not account for attenuation, while the total scattering results are attenuated by the loss of energy from the propagating wave due to scattering. This would cause the single scattering results to be artificially large relative to the total scattering results, and this effect would become more pronounced with propagation depth leading to the appearance of less multiple scattering. 
SUMMARY
A methodology for simulating backscatter responses from explicitly prescribed microstructures was shown, and this was used to study the amount of multiple scattering seen in backscatter signals by varying several material and inspection parameters. Multiple scattering effects were shown to generally increase with grain size, and this effect is more pronounced for weakly focused incident beams. This is consistent with prior expermental studies into multiple scattering. Multiple scattering did not increase when increasing the focal depth of the incident beam, in contrast with past experimental studies. This is likely due to the relatively small change in focal depth in the simulated results. Computational resources are the primary limiting factor in simulation size. As more powerful computers become available and accessible, simulations could be ran on length-scales closer to those used in experiment, with full-size simulations of actual experiments being the ideal goal. Until then, simulations like those shown in this paper can be used to study multiple scattering phenomenon on a smaller scale.
